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ON THE APPLICATIONS OF CYCLOTOMIC FIELDS IN
INTRODUCTORY NUMBER THEORY
KABALAN GASPARD
Abstract. In this essay, we see how prime cyclotomic fields (cyclotomic fields obtained by
adjoining a primitive p-th root of unity to Q, where p is an odd prime) can lead to elegant
proofs of number theoretical concepts. We namely develop the notion of primary units in a
cyclotomic field, demonstrate their equivalence to real units in this case, and show how this
leads to a proof of a special case of Fermat’s Last Theorem. We finally modernize Dirichlet’s
solution to Pell’s Equation.
Throughout this paper, unless specified otherwise, ζ ≡ ζp ≡ e
2pi
√
−1
p where p is an odd
prime. K ≡ Q(ζ) and OK is the ring of integers of K. We assume knowledge of the basic
properties of prime cyclotomic fields that can be found in any introductory algebraic number
theory textbook, namely that:
• Gal(K : Q) ≃ U(Z/pZ) (the group of units of Z/pZ), which is cyclic and of order
p− 1.
• OK = Z[ζp] =
〈
1, ζp, ..., ζ
p−2
p
〉
Z
, where
{
1, ζp, ..., ζ
p−2
p
}
is a Z-basis for OK .
• The only roots of unity in OK (i.e. solutions in C to xn = 1 for some n ∈ N) are of
the form ±ζ ip, i ∈ Z.
We also assume elementary knowledge of quadratic characters, quadratic reciprocity, and
the Legendre symbol
(
k
p
)
.
1. Primary elements in OK
Definition 1. Let α ∈ OK with α prime to p. Then α is primary iff α is congruent to a
rational integer modulo (1− ζp)2.
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The definition of primary elements has historically been ambiguous in Number Theory.
In [2], Dalawat shows that definitions of primary elements in OK even differ by country
(”p-primary”, ”primaire” and ”prima¨r”) and, even though these definitions do form a chain
of implications, they are not equivalent.
We also note that it is not true that if p an arbitrary odd prime and µ prime in OK , only
one associate of µ is primary (for example, according to the above definition, both ±(4+3ω)
are primary in the ring of integers of Q(ω) where ω = e
2pi
√
−1
3 ).
Proposition 1. Let α ∈ OK (not necessarily prime) and suppose α prime to p in OK . Then
there exists a k ∈ Z, unique (modulo p), such that ζkpα is primary.
Proof. Consider the ideal P = (1− ζp) in OK . Then the norm of the ideal N(P ) =
p−1∏
i=1
(1 −
ζ ip) = p by the fact that Gal(K : Q) ≃ U(Z/pZ). So P is a prime ideal and is thus of degree
1. So by Dedekind’s Theorem in Algebraic Number Theory, any element of OK is the root
of a monic polynomial of degree 1 in OK/P . So in the particular case of α, α − a0 = 0 in
OK/P for some a0 ∈ Z. In other words, α ≡ a0 (1 − ζp). So α−a0(1−ζp) ∈ OK and so, by the
same argument, α−a0
(1−ζp) ≡ a1 (1 − ζp) for some a1 ∈ Z. We stop repeating this here because
multiplying the congruence by (1− ζp), we now have a congruence modulo (1− ζp)2, which
is what we want to consider. More precisely, we now have α− a0 ≡ a1(1− ζp) (1− ζp)2, so
α ≡ a0 + a1(1− ζp) (1− ζp)2.
We want to eliminate the (1− ζp) term by multiplying both sides by ζnp for some n ∈ Z.
Notice that ζp = (1− (1− ζp)). So modulo (1− ζp)2,
ζnpα ≡ ζnpa0 + a1ζnp (1− ζp)
≡ a0(1− (1− ζp))n + a1(1− ζp)(1− (1− ζp))n
≡ a0(1− n(1− ζp)) + a1(1− ζp)(1− n(1− ζp))
since considering (1− (1− ζp))n as a polynomial in (1− ζp), (1− ζp)2 divides (1− ζp)i for
i ≥ 2. So
ζnpα ≡ a0 + (a1 − na0)(1− ζp) (1− ζp)2
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Now α prime to p, so if a0 ≡ 0 (p), then a0 ≡ 0 (1− ζp), and so α ≡ 0 (1− ζp), which is a
contradiction. So a0 6≡ 0 (p), and so a1 − na0 ≡ 0 has a unique solution k modulo p. Now
(1− ζp) | (1− ζ2p), and N(1−ζ
2
p
1−ζp ) =
N(1−ζ2p)
N(1−ζp) = 1, so (1− ζ
2
p) is associate to (1− ζp). It follows
that (1− ζp)2 | p, and so k is (still, since a1−na0 ∈ Z) the unique integral solution modulo
p to a1 − na0 ≡ 0 (1− ζp)2. Then ζkpα ≡ a0 (1− ζp)2, and therefore ζkpα is primary. 
Lemma 1. Let u be a unit in OK . Then uu = ζt for some t ∈ Z
Proof. Write υ = u
u
. Conjugation is a Galois automorphism on OK since ζ = ζ−1 = ζp−1.
So u is also a unit, and so υ ∈ OK . Now let σk be the (p− 1) Galois automorphisms on OK
such that σk(ζ) = ζ
k, k ∈ Z. Then for all 1 ≤ k ≤ (p − 1), σkυ = σkuσku =
σku
σku
by the above
remark. So |σkυ| = σkυσkυ = 1. So |σkυ|n = 1 for anyn ∈ N.
Now consider the polynomial f(x) =
p−1∏
k=1
(x − σkυ). The coefficients of this polynomial
are elementary symmetric polynomials in {σkυ : 1 ≤ k ≤ p − 1}, and so are invariant by
action by Gal(K : Q) = {σkυ : 1 ≤ k ≤ p − 1}. So f(x) ∈ Z[x]. But then the coefficient
of xk is s(p−1)−k where sj is the jth elementary symmetric polynomial. But by the previous
paragraph,
∣∣s(p−1)−k∣∣ ≤ p−1−k∑
j=1
|σkυ|k ≤ p − 1 − k. So there are finitely many possible such
f(x) ∈ Z[x] since the coefficients are bounded. So there are finitely many possible roots since
a polynomial of finite degree has a finite number of roots. But |σkυn| = 1 for anyn ∈ N, so
{υn : n ∈ N} satisfy the same argument. So we must have υn = υn′ for some n, n′ ∈ Z. So
υn−n
′
= 1, and it follows that υ is a root of unity in OK .
So by the basic properties of prime cyclotomic fields, we must have υ = ±ζ t for some t ∈ Z.
Now consider congruence modulo λ = 1−ζ . Then since 1− ζ
k
1− ζ =
k−1∑
i=1
ζ i ∈ 〈1, ζp, ..., ζp−2p 〉Z =
OK , ζk ≡ 1 (λ) for all k ∈ Z. So since ζk = ζ−k ≡ 1 ≡ ζk (λ), α ≡ α (λ) for all α ∈ OK .
Namely, u ≡ u = ±ζ−tu ≡ ±u (λ). So if υ = −ζ t, u ≡ −u (λ) ⇒ 2u ≡ 0 (λ) which is
impossible since N(λ) = p ∤ N(2u) = 2p−1 since p is odd. So υ = +ζt. 
Theorem 1. Let u be a unit in OK . Then u is real ⇔ u is primary in OK .
Proof. SinceOK = Z[ζp] =
〈
1, ζp, ..., ζ
p−2
p
〉
Z
, we can write u as
p−2∑
k=0
akζ
k for unique a0, ..., ap−2 ∈
Z. And so, noting that ζp−1 = −
p−2∑
i=0
ζ i, ζ−tu =
p−2∑
k=0
akζ
k−t =
p−2∑
k=0
(ak+t − a(p−1)+t)ζk where
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ak is defined to be a(k mod p) for all k /∈ {0, ..., p − 1} (ap−1 = 0, trivially). And so
p−2∑
k=0
(ap−k − a1)ζk = u = ζ−tu =
p−2∑
k=0
(ak+t − a(p−1)+t)ζk by 1 and therefore, since this rep-
resentation is unique, we get
(1.1) ak+t − a(p−1)+t = ap−k − a1 for all 0 ≤ k ≤ p− 1
Letting k0 be the mod p solution to k + t ≡ p − k (p), we get ak0+t = ap−k0 and so (1.1)
yields a(p−1)+t = a1. (1.1) then becomes
(1.2) ak+t = ap−k = a−k for all 0 ≤ k ≤ p− 1
Since replacing k by −(k + t) in (1.2) leaves the equation invariant, we get p−1
2
pairs of
equal terms with distinct indices amongst a0, ..., ap−1 (the ’remaining’ term being ak0+t). Let
b1, ..., bp−1
2
be representatives of these distinct pairs, and let bk0+t = ak0+t (we have simply
selected and reordered the ai’s).
Now by the proof of 1, there is a unique c modulo p such that ζcu is primary, and this c
is the solution to ax ≡ b (p) where u ≡ a + bλ (λ2) where λ = (1 − ζ). Now u =
p−2∑
k=0
akζ
k.
Writing, as a polynomial, f(x) =
p−2∑
k=0
akx
k, we can find a and b by finding the coefficients of
1 and x respectively of f(1 − x) since ζ = 1 − λ. Making elementary use of the Binomial
Theorem, we see that f(1 − x) =
p−2∑
k=0
ak(1 − x)k =
p−2∑
k=0
ak −
p−2∑
k=0
kakx+ ... (we only need the
first two terms). So c is the solution to
(1.3)
(
p−2∑
k=0
ak
)
x ≡ −
p−2∑
k=0
kak (p)
Which, since ap−1 = 0, is equivalent to
(1.4)
(
p−1∑
k=0
ak
)
x ≡ −
p−1∑
k=0
kak (p)
Now k0 + t ≡ p− k0 (p)⇒ k0 + t ≡ −(k0 + t) + t (p)⇒ (k0 + t) ≡ 2−1t⇒ bk0+t = ak0+t =
a2−1t. Finally, note that for ai = at−i = bl for 1 ≤ l ≤ p−12 by (1.2), iai + (t− i)at−i = tbl.
ON THE APPLICATIONS OF CYCLOTOMIC FIELDS IN INTRODUCTORY NUMBER THEORY 5
(1.4) then becomes
(
bk0+t + 2
p−1
2∑
k=1
bk
)
x ≡ −
(
(2−1tmod p)bk0 +
p−2
2∑
k=1
tbk
)
(p). It is clear
that c ≡ −2−1t (p) is the solution to this congruence. By its uniqueness, we see that u is
primary ⇔ t ≡ 0 (p)⇔ u = ζ tu is real. 
2. Application to a Special Case of Fermat’s Last Theorem
Fermat’s well-known final theorem, proved by Andrew Wiles and Richard Taylor in 1994,
states that
xn + yn = zn
where x, y, z, n ∈ Z has no non-trivial solutions (x, y, z) for n ≥ 3.
In fact, to prove this theorem, it suffices to prove that xp+yp = zp has no integral solutions
for any positive odd prime p, since xn0 + y
n
0 = z
n
0 ⇒ xp1 + yp1 = zp1 where p is an odd prime
dividing n (exists since n ≥ 3) and (x1, y1, z1) = (xn/p0 , yn/p0 , zn/p0 ). In other words, we can
restrict our study to the case where n is an odd prime.
There is a very elegant proof of a special case of this theorem using cyclotomy. The main
use of the concept here is that it allows us to transform a ”sum of n-th powers” problem
into a ”divisibility” problem since we can now factor xp + yp as
p−1∏
i=0
(x+ ζ ipy).
In this section, we shall lay out said proof. Let K = Q(ζ) where ζ = ζp. We will suppose
that for some (x0,y0, z0) is a solution to x
p + yp = zp for some odd prime p. Then
(2.1) xp0 + y
p
0 = z
p
0
WLOG, we can take x0, y0 and z0 to be pairwise relatively prime, for if some d ∈ Z
divides two of them, it must divide the 3rd, and then xp0 + y
p
0 = z
p
0 ⇔ xp1 + yp1 = zp1 where
x0, y0, z0 = dx1, dy1, dz1 respectively, with x1, y1, z1 ∈ Z.
We shall now reduce the problem to a special case and suppose that p does not divide
the class number h of OK , and that p ∤ x0y0z0. From (2.1), we shall reach a contradiction.
This case has been treated in Number Theory textbooks such as [1]. However, using the
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equivalence of primary and real units in OK when K is a prime cyclotomic field, we can
prove the result more rapidly.
Lemma 2. Let i 6≡ j (p). Then the ideals I = (x0 + ζ iy0) and J = (x0 + ζjy0) are relatively
prime.
Proof. Consider the ideal I+J . J contains the element −(x0+ζjy0), so x0+ζiy0−(x0+ζjy0) =
(ζ i − ζj)y0 ∈ I + J . Likewise, since OK = Z[ζ ], −ζj(x0 + ζ iy0) = ζjx0 + ζ i+jy0 ∈ I and
ζ i(x0+ ζ
jy0) = ζ
ix0+ ζ
i+jy0 ∈ J . So ζ ix0+ ζ i+jy0− ζj(x0+ ζ iy0) = (ζ i− ζj)x0 ∈ I+J . Now
(x0, y0) = 1⇒ there exist a, b ∈ Z such that ax0 + by0 = 1. So a(ζ i − ζj)x0 + b(ζ i − ζj)y0 =
(ζ i − ζj) ∈ I + J .
Now N(ζ i − ζj) = p since (N(ζ i − ζj))2 =
p−1∏
k=1
(ζ ik − ζjk)2 =
p−1∏
k=1
(−ζ−k(j−i))(1− ζk(j−i))2 =
p−1∏
k=1
(−ζ−k)(1 − ζk)2 = +ζ−p p−12
p−1∏
k=1
(1 − ζk)2 = 1 ·
(
p−1∑
k=1
1
)2
= p2. So N(I + J) | p. If
N(I + J) = p, then since I ⊆ I + J , p = N(I + J) | N(I) =
p−1∏
i=0
(x0 + ζ
iy0) = x
p
0 + y
p
0 = z
p
0 .
So since p is prime, p | z0 ⇒ contradiction. So N(I + J) = 1, and therefore I + J = OK . So
I and J are coprime since P | I and P | J ⇒ P | I + J ⇒ P = OK . 
Now xp0 + y
p
0 = z
p
0 ⇒
p−1∏
i=0
(x0 + ζ
iy0) = (z0)
p as ideals. But {(x0 + ζ iy0) : 0 ≤ i ≤ p− 1} are
pairwise coprime. So by unique factorization of ideals, each of these ideals must be a p-th
power. So in particular, taking i = 1, (x0 + ζy0) = I
p for some ideal I. So since (x0 + ζy0)
is principal, [I] has order dividing p in the ideal class group, but since p ∤ h, we must have
that the order of [I] is 1. So I is principal. Let I = (α). Then (x0 + ζy0) = (α
p), and so
x0 + ζy0 is associate to α
p. We write x0 + ζy0 = uα
p where u is a unit in OK .
Then by 1 there exists a unique c modulo p such that ζ−cu is primary. Let ζ−cu = u0 so
that u = ζcu0 where u0 is primary. But u0 is trivially a unit, and is therefore real by 1.
So x0+ζy0 = ζ
cu0α
p where u0 is real. Note that modulo p, α
p ≡
(
p−2∑
i=0
aiζ
i
)p
≡
p−2∑
i=0
api ζ
ip ≡
p−2∑
i=0
api ∈ Z (p). So αp ≡ αp (p). It follows that x0 + ζy0 = ζcu0αp ⇒ x0 + ζy0 ≡ ζcu0αp
(p)⇒ x0 + ζy0 ≡ ζcu0αp (p)⇒ x0+ζ−1y0 ≡ ζ−cu0αp (p). So we now have x0+ζy0 ≡ ζcu0αp
(p)⇒ ζ−cx0 + ζ1−cy0 ≡ u0αp (p) and x0 + ζ−1y0 ≡ ζ−cu0αp (p)⇒ ζcx0 + ζc−1y0 ≡ u0αp (p).
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Subtracting the latter congruence from the former yields
(2.2) ζ−cx0 + ζ
1−cy0 − ζcx0 − ζc−1y0 ≡ 0 (p)
Now an element of OK = Z[ζ ] is divisible by p if and only if all of the coefficients as a
polynomial in ζ are divisible by p. p ∤ x0, y0 since p ∤ x0y0z0, so we must check the cases where
one of {c,−c, 1− c, c− 1} is congruent to −1 modulo p or where two of {c,−c, 1− c, c− 1}
are equal modulo p. These cases can be split as follows:
• c ≡ 0 (p) (so that c ≡ −c (p)). Then p | y0(ζ − ζ−1) = y0(
p−2∑
i=2
ζ i+1)⇒ p | y0 (even if
p = 3) ⇒ contradiction.
• c ≡ 1 (p) (so that 1− c ≡ c− 1 (p)). Then p | x0(ζ−1− ζ)⇒ p | x0 as in the previous
case ⇒ contradiction.
• c ≡ 2−1 (p) (so that c ≡ 1−c (p)). Then p | (y0−x0)ζc+ζ−c(x0−y0). So p | (x0−y0).
We then rewrite 2.1 as xp0 + (−z0)p = (−y0)p (since p is odd). Then with the same
argument we will get p | (x0 + z0). But 2.1 yields xp0 + yp0 − zp0 ≡ 0 (p) and so
x0 + y0 − z0 ≡ 0 (p). This yields 3x0 ≡ 0 (p). We suppose for now that p > 3. Then
this yields p | x0 ⇒ contradiction.
• Letting one of {c,−c, 1− c, c− 1} be congruent to −1 modulo p will yield one of the
coefficients of the terms of (2.2) as ±(x0 − y0), giving the same contradiction as in
the previous case.
We therefore obtain a contradiction in all cases. We have, however, supposed that p > 3 .
A general study of the case where p = 3 is done elegantly in [4].
3. An Approach to Pell’s Equation using cyclotomy
Pell’s Equation is
x2 − dy2 = 1, x, y ∈ Z
in x and y, where d ∈ Z+. d ≤ 0 trivially yields the single solution (1, 0), and we can
consider d to be square-free, since any square factor of d can be incorporated into y.
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The equation can be solved using cyclotomy and quadratic residues. A partial solution
was found by Dirichlet using this method, building upon the work of Gauss [3]. In this
section, we build upon Dirichlet’s work, explicitly writing the solution and using the modern
machinery of Galois Theory to streamline the approach. Again, we let p be an odd prime,
and define p∗ = (−1) p−12 p, i = √−1, and start by introducing an important lemma.
Lemma 3.


q1(x) = 2
∏
1≤k<p
(kp)=1
(x− ζk) = f(x) +√p∗g(x)
q−1(x) = 2
∏
1≤k<p
(kp)=−1
(x− ζk) = f(x)−√p∗g(x)
where f(x), g(x) are polynomi-
als in Z[x].
Proof. Note that the product of the 2 above polynomials (on the left-hand side) is 4
∏
1≤k<p
(x−
ζk) = 4mp(x) ∈ Z[x]. It is therefore fixed by any Galois automorphism in Gal(K : Q). Now
taking θ = ζ
p2−1
8
p−1
2∏
k=1
(1 − ζk)2, we see that θ2 = p∗ since (−1) p
2−1
8 ≡
(
2
p
)
(mod 2), and
trivially θ ∈ OK . So
√
p∗ ∈ OK , Now an automorphism σ in the Galois group fixes p∗ if
and only if σ is a square. But this is if and only if σ fixes all (and only) the ζk such that
k is a quadratic residue modulo p. So
∏
1≤k<p
(kp)=1
(x − ζk) ∈ L[x] where L = Q(√p∗). All the
coefficients in L[x] are of the form a + b
√
p∗ where a and b are both rational, and 1
2
· an
algebraic integer (allowing for the fact that p∗ ≡ 1 (4)). The coefficients of 2 ∏
1≤k<p
(kp)=1
(x − ζk)
are therefore rational algebraic integers and thus in Z. We can now expand q1(x) and rewrite
it as q1(x) = f(x) +
√
p∗g(x) where f(x), g(x) are polynomials in Z[x].
A similar argument shows that q−1(x) ∈ L[x]. Now let τ be the Galois automorphism in
Gal(K : Q) defined by τ(
√
p∗) = −√p∗ (noting that K : L : Q is a tower of fields). Then by
the above, and since τ 2 must fix q1(x), we must have that τ(ζ
k) = ζ l where
(
k
p
)(
l
p
)
= −1. So
since τ is a Galois automorphism over K, we must have τ(q1(x)) = q−1(x). This yields that
q−1(x) = f(x)−
√
p∗g(x). 
We will primarily consider the case where d is an odd prime. Pell’s Equation then becomes
(3.1) x2 − py2 = 1
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By Lemma 3,
4mp(x) = q1(x)q−1(x) = f(x)
2 − (p∗)g(x)2
And so, replacing x by 1, we get
(3.2) 4p = x21 − p∗y21 where x1 = f(1), y1 = g(1)
Since f(x), g(x) ∈ Z[x], x1, y1 ∈ Z, and we can see that Lemma 3 relates to Pell’s Equation
insofar as it gives us a pair (x1, y1) that verifies an equation very similar to (3.1).
4p = x21 − p∗y21 ⇒ x21 = 4p+ p∗y21 ⇒ p | x21 ⇒ p | x1 since p is prime. So letting pξ1 = x1,
we can rewrite equation (3.2) as 4p = p2ξ21 − p∗y21, and so, dividing by p,
(3.3) pξ21 − (−1)
p−1
2 y21 = 4
We now analyze q1(x) and q−1(x) to obtain some insight as to the values x1 and y1.
x2 ≡ (p− x)2 (p), so all quadratic residues are in {x2 (p) : 1 ≤ x ≤ p−1
2
}. We can therefore
reorder the terms in q1(x) and write it as 2
p−1
2∏
k=1
(x− ζk2), and so q1(1) = 2
p−1
2∏
k=1
(1− ζk2).
The value of p∗ depends on the value of p modulo 4 so we will consider the two cases
separately for simplicity.
Case 1: p ≡ 1 (4).
Then (3.3) becomes pξ21 − y21 = 4 (or, to emphasize the similarity to Pell’s Equation,
y21 − pξ21 = −4).
We then have two subcases.
If p ≡ 1 (8), then y21 − ξ21 ≡ 4 (8). Trivially y1 and ξ1 must either be both odd or both
even. But 12 ≡ 32 ≡ 52 ≡ 72 ≡ 1 (8), so if y1 and ξ1 were both odd we would have
y21 − ξ21 ≡ 0 (8) ⇒ contradiction. It follows that y1 and ξ1 are both even, and we can thus
write y2 =
y1
2
, ξ2 =
ξ1
2
∈ Z. Then y2 − pξ22 = −1. We can use the fact that (
√
p)2 ∈ Z to get
rid of the minus sign in front of 1. y22−pξ22 = −1 yields (y2−
√
pξ2)(y2+
√
pξ2) = −1, and so
(y2−√pξ2)2(y2 +√pξ2)2 = 1. But (y2 ±√pξ2)2 = a± b√p, a, b ∈ Z. Taking (x, y) = (a, b),
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we have solved (3.1). Summarizing, we get a solution from
(a, b) =
(
1
4
(g(1)2 +
f(1)2
p
) ,
f(1)g(1)
2p
)
where we can directly compute f(1) and g(1)
If p ≡ 5 (8), y21 +3ξ21 ≡ 4 (8). Given that the only quadratic residues modulo 8 are 0, 1, 4,
we must have (y21, ξ
2
1) ≡ (1, 1), (0, 4) or (4, 0) (8).
We now use the fact that 82 = 22·3 = 43 and consider (y1 +
√
pξ1)
3 = (y31 + 3pξ
2
1y1) +
√
p(pξ31 + 3y
2
1ξ1) = y2 +
√
pξ2 and see that y
2
2 − pξ22 = (y21 − pξ21)3 = −43.
But y2 = y1(y
2
1+3pξ
2
1) ≡ y1(y21−ξ21) (8). (y21, ξ21) ≡ (1, 1) (8)⇒ y2 ≡ 0 (8). (y21, ξ21) ≡ (0, 4)
or (4, 0) (8)⇒ y2 ≡ 4 · 4, 0 · 4 or ±2 · 4 ≡ 0 (8). So in any case y2 ≡ 0 (8).
Similarly ξ2 = ξ1(pξ
2
1+3y
2
1) ≡ ξ1(5ξ21+3y21) (8). (y21, ξ21) ≡ (1, 1) (8)⇒ ξ2 ≡ ξ2(5+3) ≡ 0
(8). (y21, ξ
2
1) ≡ (0, 4) or (4, 0) (8)⇒ ξ2 ≡ ±2 · 4, 0 · 4 or 4 · 0 ≡ 0 (8). So in any case ξ2 ≡ 0
(8).
So 8 | y2, ξ2 and thus, writing y3 = y28 , ξ3 = ξ28 ∈ Z, we get (y23 − pξ23) = −4
3
82
= −1. As
in the case where p ≡ 1 (8), writing (y3 ± √pξ3)2 = a ± b√p, a, b ∈ Z, (x, y) = (a, b) is a
solution of (3.1). Summarizing, we get a solution from
(a, b) =

 164((g(1)3 + 3f(1)2g(1)p )2 + p(f(1)3p2 + 3 g(1)2f(1)p )2) ,
1
32
(g(1)3 + 3 f(1)
2g(1)
p
)(f(1)
3
p2
+ 3 g(1)
2f(1)
p
)


Case 2: p ≡ 3 (4).
Let l = p−1
2
. p ≡ 3 (4)⇒ l is odd. We see that f(x) = 1
2
(q1(x)+ q−1(x)) =
∏
1≤k<p
(kp)=1
(x− ζk)+
∏
1≤k<p
(kp)=−1
(x − ζk). f is of degree l. We shall find a relation amongst the coefficients of f by
comparing f(ζ) and f(ζ) = f(ζ) (since f(x) ∈ Z[x]). Trivially (1
p
)
= 1, so
∏
1≤k<p
(kp)=1
(ζ − ζk) = 0
and so f(ζ) =
∏
1≤k<p
(kp)=−1
(ζ − ζk). Also note that (−1
p
)
= (−1) p−12 = −1, and so (k
p
)
= −(−k
p
)
for
all 1 ≤ k ≤ p− 1. So f(ζ) = ∏
1≤k<p
(kp)=1
(ζ − ζ−k). By the same line of reasoning, f(ζ) = f(ζ−1) =
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1≤k<p
(kp)=1
(ζ−1 − ζk). So
f(ζ)
f(ζ−1)
=
∏
1≤k<p
(kp)=1
(ζ − ζ−k)
(ζ−1 − ζk) = (−1)
l
∏
1≤k<p
(kp)=1
ζ1−k
since there are precisely l quadratic residues modulo p
= −ζ l
∏
1≤k<p
(kp)=1
ζ−k
= −ζ l
since
∑
1≤k<p
(kp)=1
k = p
p− 1
2
+ 0 since the Legendre symbol is a
quadratic character modulo p and since
(
0
p
)
= 0.
So f(ζ) = −ζ lf(ζ−1). So writing f(x) = alxl + al−1xl−1 + ... + a1x + a0, this yields
alζ
l + al−1ζ
l−1 + ... + a1ζ + a0 = −a0ζ l − a1ζ l−1 − ...− al−1ζ − al, i.e.
(3.4)
l∑
k=0
akζ
k =
l∑
k=0
(−ak)ζ l−k
Now it is trivial to see that al = 2 by the above formula for f(x). Also, q1(x) = 2
∏
1≤k<p
(kp)=1
(x−
ζk). The constant term of q1 is 2(−1)l
∏
1≤k<p
(kp)=1
ζk = −2 ∏
1≤k≤l
ζk
2
= −2ζ l(l+1)(2l+1)6 = −2ζp p
2−1
24 .
Now 3 | p2 − 1 since p 6= 3 (p ≡ 3 (4)), and p2 ≡ 1 (8) since p is odd. So 3 · 8 = 24 |
p2 − 1. So The constant term of q1 is −2 · 1 = −2. But q1(x) = f(x) + √p∗g(x) where
f(x), g(x) ∈ Z[x]. So we must have a0 = −2. Therefore al = −a0. So (3.4) now yields
l−1∑
k=1
akζ
k =
l−1∑
k=1
(−ak)ζ l−k =
l−1∑
k=1
(−al−k)ζk (after replacing k by l − k), and {ζ, ..., ζ l−1} is a
Z-linearly independent subset. So al−k = −al for 1 ≤ k ≤ l − 1, and so by the above,
al−k = −al for all 0 ≤ k ≤ l. We can therefore rewrite f(x) as 2(xl − 1) + b1x(xl−2 − 1) +
b2x
2(xl−4 − 1) + ... + b l−1
2
x
l−1
2 (x− 1) =
l−1
2∑
k=0
bkx
k(xl−2k − 1), bk ∈ Z for all 0 ≤ k ≤ l−12 (with
b0 = 2).
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Replacing x by i =
√−1, we see that xk(xl−2k − 1) depends on whether p ≡ 3 or 7 (8).
Let p ≡ 3 (8). Then l ≡ 1 (4) and simple calculation yields
ik(il−2k − 1) =

 1− i if k ≡ 1, 2 (4)−(1 − i) if k ≡ 0, 3 (4)
p ≡ 7 (8)⇒ l ≡ 3 (4), and the same type of calculation yields
ik(il−2k − 1) =

 1 + i if k ≡ 3, 2 (4)−(1 + i) if k ≡ 0, 1 (4)
Writing i∗ =

 −i if p ≡ 3 (8)+i if p ≡ 7 (8) , we see that f(i) =
l−1
2∑
k=0
±bk(1 + i∗) = y2(1 + i∗) where
y2 ∈ Z.
Now,
g(x) =
1
2
√
p∗
(q1(x)− q−1(x))
=
1√
p∗


∏
1≤k<p
(kp)=1
(x− ζk)−
∏
1≤k<p
(kp)=−1
(x− ζk)


And so
g(ζ) = −
1√
p∗


∏
1≤k<p
(kp)=1
(ζ − ζ−k)


and g(ζ−1) =
1√
p∗


∏
1≤k<p
(kp)=1
(ζ−1 − ζk)


A similar line of reasoning as for f(x) gives us that g(ζ) = +ζ lg(ζ−1). Following the same
steps as for f(x), we find that, writing g(x) as 1√
p∗
l∑
k=0
akx
k, we get al−k = +al for all
0 ≤ k ≤ l (with al = a0 = 0 this time). We can therefore similarly rewrite g(x) as
l−1
2∑
k=0
bkx
k(xl−2k + 1), bk ∈ Z (remembering that g(x) ∈ Z[x] by 3). A similar argument shows
that g(i) =
l−1
2∑
k=0
±bk(1− i∗) = ξ2(1− i∗) where ξ2 ∈ Z.
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Now l ≡ 3 (4), so q1(i)q−1(i) = 4mp(i) = 4(1 + i+ ...+ il) = 4 · ((1 + i− 1− i) + (1 + i−
1− i) + ...+ (1 + i− 1)) = 4i
So f(i)2−p∗g(i)2 = f(i)2+pg(i)2 = 4i, and so y22(1+i∗)2+pξ2(1−i∗)2 = 2y22i∗−2pξ22i∗ = 4i
or, dividing by 2i∗ = ±2i,
y22 − pξ22 = ±2
⇒ (y2 +√pξ2)2(y2 −
√
pξ2)
2 = 4
Now y2, ξ2 are odd, else y
2
2−pξ22 ≡ y22+ξ22 ≡ 0 6≡ ±2 (4). So the coefficients of (y2+
√
pξ2)
2 =
(y22 + pξ
2
2) + 2y2ξ2
√
p are even. We can thus write a =
(y22+pξ
2
2)
2
, b = y2ξ2 ∈ Z and get
a2 − pb2 = (y2 +
√
pξ2)
2(y2 −√pξ2)2
2 · 2 =
4
4
= 1
This solves the equation, where
(a, b) =
(
i∗
4
(pg(i)2 − f(i)2) , 1
2
g(i)f(i)
)
where we can directly compute f(i) and g(i)
To apply this method to the general case of Pell’s Equation (where d is square-free but
not necessarily prime), since d is square-free, it can be written as d =
r∏
k=1
pk where the pk’s
are rational primes. So it suffices to study the case where d = pq for primes p and q and
deduce the general case by induction. We will not describe said case in depth here since this
paper mainly focuses on prime cyclotomic fields, but we remark that taking Q(ζpq), mpq(x) =
mp(x)mq(x)
(xpq−1)/(x−1)
((xp−1)/(x−1))·((xq−1)/(x−q)) =
(xpq−1)(x−1)
(xp−1)(xq−1) which can be shown to be irreducible by
a similar method as the simple proof for showing that
p−1∑
k=0
xk is the minimal polynomial
of ζp in Z[x]. Following the same reasoning as in the case where d = p, we can write
4mpq(x) = f(x)
2 ± pqg(x)2 where f(x), g(x) ∈ Z. The rest of the problem is solved in a
similar fashion as well.
Using some interesting approximation methods and quadratic number fields, Ireland &
Rosen [5] show that x2 − dy2 = 1 has infinitely many solutions for any square-free integer
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d (including d = 2), and that every solution has the form ±(xn, yn) where xn +
√
dyn =
(x1 +
√
dy1)
n for some solution (x1, y1) and n ∈ Z.
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